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Correspondence

Improving the Performance of Unitary Il. DATA MODEL AND UNITARY ESPRIT
ESPRIT via Pseudo-Noise Resampling Let a uniform linear array (ULA) be composed of sensors,
] and let it receiveq (¢ <n) narrowband sources impinging from
Alex B. Gershman and Martin Haardt the directionsf,,---,6,. Assume that there are only snapshots
z(1),z(2),---,z(N) available. The observation vectors can be mod-

. . Lo eled as [1], [8]
Abstract—A new pseudo-noise resampling technique is proposed to
mitigate the effect of outliers in Unitary ESPRIT. Our algorithm improves z(t) = As(t) + n(t), t=1,2,---.N (1)
the performance of Unitary ESPRIT in unreliable situations, where the - ’ ’
so-called reliability test has a failure. For this purpose, we exploit a where
pseudo-noise resampling of a failed Unitary ESPRIT estimator with a

censored selection of “successful’ resamplings recovering the nonfailed 4 = [a(#1),---,a(8,)] » X ¢ matrix of signal wavefronts;
outputs of the reliability test. a(f) n x 1 steering vector;
Index Terms—Pirection finding, pseudo-noise resampling, Unitary ES- s(t) ¢ % 1 vector of source WaYefOVmS?
PRIT. n(t) n x 1 vector of sensor noise.
Hence, the measured array data mafix= [z(1),z(2),-- -, z(N)]
can be modeled as
|I. INTRODUCTION
Unitary ESPRIT is a low-complexity modification of conventional X=AS+N &)
CSPRIT 14 olted e o s valued computn 2 v — (..o thy x  mate of s
P y P \%aveforms, andV = [n(1),n(2),---,n(N)] is then x N matrix

whether the obtained direction-of-arrival (DOA) estimate is reliable, .
. . o of sensor noise.
In case this test (in what follows referred to as te#ability tes) - . .
. : . . According to [2], introduce the real-valued data matrix
has a failure, the final step of the algorithm yields a complex
conjugate pair of eigenvalues instead of a real one, as in the T(X) :Qf[X . X" 1ITNQ,N ()
nonfailed case. The failed situation can be interpreted asudlier _ o _ o
corresponding to unresolved signal arrivals [2]. In the case ofwhereIl,, is then x n matrix with ones on its antidiagonal and
failed reliability test, it is recommended in [2]-[4] to restart thezeros elsewhere

algorithm with more reliable measurements or to use more snapshots 11, I,
when estimating the covariance matrix. However, in many practical @y = NG [Hz —jHl:|
situations, neither more reliable measurements nor additional data I o i,
snapshots are available. 1| r o~
g Q21+1 =— |0 \/5 0" 4)

In this correspondence, we propose another approach to mitigate
such a type of outlier. Our approach does not require any additional
data, i.e., it exploits exactly the same data snapshots as the failuseel the sparse unitary matrices defined in 2]is thel x I identity
estimate itself. Instead of unavailable additional data, it utilizasatrix, and(-)** and(-)* stand for Hermitian transpose and complex
synthetically generated data as in the bootstrap technique [5]. The keyjugate, respectively. The x n sample covariance of the real-
idea of our approach is to use a pseudo-noise resampling for elimued data matrix (3) is given by
inating the failure and for recovering the outlier-free performance. . 1
For this purpose, we exploit a censored selection of “successful” R, = R
resamplings for which the reliability test is valid in the sense that .
the final step of Unitary ESPRIT yields a real eigenvalue pair. O¥thereq x ¢ and (n — ¢) x (n — ¢) diagonal matricests and Ax
technique uses the main idea of the estimator bank approach [BJntain the; andn —g¢ sample signal and noise subspace eigenvalues,
[7], although we develop and apply another, more general typespectively, whereas the columns of theq andn x (n—¢) matrices
of resampling. Another important difference is that the standafds and Ex contain the corresponding eigenvectors, respectively.
estimator bank approach [6]-[7] requires priori knowledge of Unitary ESPRIT is based on the solution of the real-valued
source localization sectors, whereas the reported technique is ffaariance equation [2]
of such a limitation.

V2 g o —jm,

T(X)T(X)" = EsAsEY + ExANER (5)

K\EsT = K-Es (6)
N—— N——
R™M X ¢ Rm X g

by means of least squares (LS), total LS (TLS), or structured LS
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[2], respectively. Write the eigendecomposition of the obtaiped; is exploited in [10] and [11]. The consistent estimaterdfis given

matrix T as by [12]
Y=ToT"", 02=dag{wi,ws, -, wg}. 8 "
f Olunwz o} ® = 1o waceiAvt= 3 A (13)
It can happen that either all eigenvalues in (8) are real or some of 1 -

them appear as complex c_onjugate pairs. The Iat_ter case correqulmqére)\1 > Xy > --- > \, are the ordered eigenvalues of the sample
to the unreliable DOA estimate when the associated signal SOUre8%ariance matridz,. In practice, it is meaningful to determine the
are not resolved (i.e., they merge and, therefore, result in a completiance of the pseudo-noise as

conjugate eigenvalue pair). In [2], it is proposed to exploit these

eigenvalue properties in the following test: oy =p-6° (14)
Reliability test : All cigenvalues w;,i =1,2,---,q are wherep ~ 1 is a constant chosen by user.
real. Motivated by the success of modern resampling schemes (e.g.,

bootstrap and jackknife [5]), it is our goal that the pseudo-nédse
If this test fails, it is recommended in [2]-[4] to start UnitaryWi" redistribute the original noiseV between array sensors in a
. N . favorable way. Thereby, an improved estimation performance can be
ESPRIT again with more reliable measurements or to use more, . : - . o
data snapshots. However, in many practical situations, neither m ¢ ieved in the successful resampling runs (i.e., where the reliability
. ) ' - ' . qst is passed). In this approach, the reliability test can be interpreted
reliable measurements nor additional data snapshots are available. )
- . . a censored selector of the results of the pseudo-random resampling.
The idea of the resampling approach presented below is to exp O?&ve stress that the synthetically generated ndisdways decreases
synthetically generated (e.g., resampled) data instead of unavaila}Rle SNR. and there?orethe regampling tself cann):)t bring any

additional measured data, erformance improvemenHowever, it is no longer trueif we use
If the reliability test is satisfied in Unitary ESPRIT, the resultin% P ’ 9

signal DOA’s can be estimated in a straightforward manner. F pme censoring procedure (for gxample, the reliability test outlined
. . . in Section Il) to select only outlier-free estimators from the whole
example, for a ULA with maximum overlap [2], the estimates o

the signal DOA’s are obtained as number of resampled estimators.

8; = arcsin <il M.Cmn(wi)), i=1,2,---,q 9) IV. THE PROPOSEDALGORITHM
e Let us now formulate the new algorithm that employs the synthetic
whered is the interelement spacing, andis the wavelength. If the (resampled) data (11) every time when the reliability test has failed
reliability test fails, it is meaningful to omit the complex parts of théor the measured datX. Assume that afterk’ resampling runs,
complex conjugate eigenvalues. Therefore, the estimates of thewe obtain K “parallel” Unitary ESPRIT estimators, where each of
signal DOA's are then given by them is applied to a different resampled data matrix (11). Lettfme
estimator be

#; = arcsin <il arctan(Re{wi})), i=1,2,---,9. (10)
T . . 8 = (AL, (15)
Note that in this situation, the outlier occurs because each pair of -

unresolved signals is attributed to a single real part of a complex 5(6) 5(6) N )
conjugate eigenvalue pair. where ¢, < 6,7 < ... < 8,7 is the ordered set of Unitary

ESPRIT DOA estimates corresponding to thh resampling run.
Then, provided that the data mattX is fixed, these estimators are

said to form theestimator bank6]
Pseudo-noise-based techniques are known in a variety of applica-

tions (see, e.g., [9]-[11]). In case of a failed reliability test, the aim of F = {0(,:)*77 — 1,2, K} (16)
our pseudo-noise resampling technique is to remove the outlier and ' 7

to recover the Unitary ESPRIT performance usex@ctly the same ) ) i

data snapshotthat have been used in Unitary ESPRIT. The centr@ dimension & o

idea is to resample the data matrix several times using syntheticallyPVide (16) in two disjoint subsets

generated pseudo-noise, to run Unitary ESPRIT “in parallel” for each

such resampling, and then to select only the “successful” runs for Fi = {9 i=1,2,---,J}

which the reliability test is satisfied and the outlier is removed. The ) (i) . .

n x N resampled data matrix is given by Fo={0,i=12 K- J} an

Ill. PSEUDO-NOISE RESAMPLING

Y=X+2 (11)  where the first subsef; contains/ estimators that pass the reliability

where Z is then x N matrix of independent zero-mean circular St whereas the second subset contains the remainingy — 7

pseudo-noise drawn from a random generator estlmatgrs for which this test falls: .
Consider the case when the first subset contains at least one

E{Z} =0, E{ZZ"}=0¢,NI, E{ZZ"}=0. (12) estimator, i.e. leb<.J < K. Let the estimators in the first subset

. . . . be given by
Repeating the resampling runs (11), we can obtain increasingly more

“synthetically” generated data matrices. () ()1 ]
In order to maintain an acceptable signal-to-noise ratio (SNR) in o ={6"} i=12,- (18)
the synthetic (resampled) data, the variance of the pseudo-ndise
should have approximately the same order as the variahasf the Apparently, an appropriate combination of the results of these
original noise (i.eo% should not be too high). A similar constraint“successfully” resampled estimators is necessary to obtain a



IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 47, NO. 8, AUGUST 1999 2307

TABLE | DOA ESTIMATION RMSE (FOR OUTLYING RUNS ONLY)
SUMMARY OF THE PROPOSEDALGORITHM N '
26k x  x  STANDARD UNITARY ESPRIT 1
A A UNITARY ESPRIT WITH RESAMPLING (K=3)
o o UNITARY ESPRIT WITH RESAMPLING (K=10)
1. Compute the standard Unitary ESPRIT DOA estimator 2.4} © o UNITARY ESPRIT WITH RESAMPLING (K=30) R
using the measured data matrix X. % +  + UNITARY ESPRIT WITH RESAMPLING (K=100)
2. Apply the reliability test to this estimator. 220, A * M )
& + x x x x x
o If the reliability test has no failure then estimate the signal E oL A 1
DOA’s using (9) and go to step 4. g
o If the reliability test fails then form the estimator bank (16) § @ R |
using multiple pseudo-noise resamplings (11) of the measured zier + g R .
data matrix X. o a a A
3. Apply the reliability test to each resampled estimator 16 ® o o 1
from the estimator bank (16). . a 3
¥ o) o
e Ifany J (J > 0) estimators from (16) pass the reliability test N ! 0 ° ° |
then estimate the signal DOA’s using (19). ’ w . L | . . L L . L
2 3 4 5 6 7 8 9 10 1" 12 13
o If the reliability test fails for all estimators from (16) (i.e., SNR (DB)
J=0) thenvus" standard Unitary ESPRIT and estimate the ¢4 9 poa estimation RMSE’s versus SNR. Unitary ESPRIT and the
signal DOA’s using (10). proposed algorithm (for four different values &f) are compared. All curves
) are averaged only over the simulation runs corresponding to outlying Unitary
4. Stop the algorithm. ESPRIT estimates.

DOA ESTIMATION BIAS (FOR OUTLYING RUNS ONLY)
T T T T T T T

final estimate. Assuming that the DOA’s in (18) are sorted as 1; ) " " " i g ) * o
6 <6 < oo <68 for all i = 1,2,---,J, exploit the robust 1'6
median averager to obtain the final DOA estimates [6], [7] R A 4
14t A IN 5 4
~ - (e - o 8
9’:med{el(l)vel(Z)ﬂ"'We;J)}‘ 121327"'7(1 (19) 121 - o ; § ¢ i
—~ ?
where for arbitrary reab;, by ---,b; E s A o i
[ o
/24 Cayna1)/2. i J is even e st
med{br. - b} = (cija+cya)/2, i Jis eve Sof |
C(T+1)/29 if J is odd S @
(20)
{er ey =sort{by, . b} (21) T . x  x  STANDARD UNITARY ESPRIT |
A A UNITARY ESPRIT WITH RESAMPLING (K=3)
and sort{-} stands for the operator of sorting in ascending (descend- | -+ T N NG gt;g;
ing) order. The proposed algorithm is based on (9), (10), and (19) © +  + UNITARY ESPRIT WITH RESAMPLING (K=100)
and is summarized in the Table I. S A ; ; l : A ‘ ‘ —]

. . . 2 3 4 5 6 7 8 9 10 1 12 13
It should be noted that our algorithm requires more computations SNR (DB)

than Unitary ESPRIT by a factar + Kvou:, Where0 < row <1 Fig. 2. DOA estimation biases versus SNR. Unitary ESPRIT and the pro-

is the reliability test failurg rate for Unitgry ESPRlT- Taking into_posed algorithm (for four different values &) are compared. All curves
account the low computational complexity of Unitary ESPRIT, itre averaged only over the simulation runs corresponding to outlying Unitary

can be concluded that for a moderakg the proposed algorithm ESPRIT estimates.
enables an efficient implementation, which can be parallelized easily.

Apparently, this additional increase of the computational burd . L
relative to the Unitary ESPRIT algorithm can be interpreted a SNR. Note that all curves in this figure were averagedy over

ayment for the improved (outlier-free) performance Stfe simulation runs which correspond to outlying Unitary ESPRIT
pay P P ’ estimatesThese curves were additionally averaged over the first two
sources. Similar curves for the DOA estimation bias are displayed

V. SIMULATIONS in Fig. 2. From these figures, we observe that the restored outlier-
In our simulations, we assume a ULA of = 6 omnidirectional free estimates are biased and that the bias does not decrease with
sensors with the half-wavelength spacinyy, = 100 snapshots, increasing SNR. This bias can be viewed as a natural payment

uncorrelated equipower sources with zero-mean Gaussian waveforfos,resolving closely spaced sources. However, the RMSE (which
and zero-mean white Gaussian noise. The parametes 0.2 includes the bias component as well) tends to decrease when the
was taken in (14), and all results were averaged over 1000 ruB&R and parametek’ grow. Note that both the bias and the RMSE
Throughout the simulations, LS Unitary ESPRIT was used, motivatede significantly lower after resampling than that in outlying Unitary
by better performance and lower computational cost relative ESPRIT estimates, and this proves the positive effect of resampling.
TLS Unitary ESPRIT [3]. Three sources impinging fradm = 0°, From Figs. 1 and 2, we can conclude that the valiie= 30

#, = 4°, andg; = 30° have been assumed. Fig. 1 shows the DO# sufficient to obtain a satisfactory performance. To illustrate the
estimation root mean square errors (RMSE’s) of Unitary ESPRierformance improvements more, 45 outlying estimates before and
and the proposed algorithm (with four fixed values I6) versus after resampling are displayed in Fig. 3(a) and (b), respectively, for
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Fig. 3. Outlying estimates (for SNR 10 dB). (a) Before resampling. (b)
After resampling( KX = 30).

SNR = 10 dB and k' = 30. In particular, this figure obviously

demonstrates that the resampling allows us to resolve closely spaced

DOA's but leads to the biased estimates.

As the outlier rate may change with SNR, it is interesting to study[
how the statistical performance is improved when the averaging it]
done over all simulation runs, irrespective of the Unitary ESPRIT
performance in each run. Fig. 4 shows the RMSE'’s of Unitary

ESPRIT and the proposed algorithm (with= 30) versus the SNR.
In contrast to Fig. 1, the results in this figure are averaged aler
simulation runsas well as over the first two sources.

From Fig. 4, we can observe noticeable statistical performanc@]
improvements achieved via the proposed algorithm relative to stan-
dard Unitary ESPRIT. These improvements are more pronounced [g]
the specific “transition” region between the so-called threshold and
asymptotic domains, where outliers affect the statistical performan@é)]

of Unitary ESPRIT significantly.

VI. CONCLUSION

Our technique results in an improved statistical performance in the
so-called “transition” region between the threshold and asymptotic
domains, where the outliers have a strong contribution to the statisti-
cal performance of Unitary ESPRIT. The proposed algorithm is free
of typical limitations of other known resampling (estimator bank)
techniques in that it does not require any preliminary knowledge of
signal localization sectors.
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