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Balanced truncation is a well-known, powerful method for system theoretic model  
reduction. Initially been proposed for linear control systems, nonlinear generalizations exist 
but require solutions to two nonlinear PDEs of Hamilton-Jacobi type. On the other hand, by 
employing a Koopman (or composition) lifting, the evolution of a nonlinear ODE can be 
connected to a linear system acting on an infinite-dimensional function space. In [2], a  
specific output energy functional for the nonlinear system 
 

�̇�𝑥(𝑡𝑡) = 𝑓𝑓�𝑥𝑥(𝑡𝑡)�,   𝑥𝑥(0) = 𝑧𝑧 (1) 
 
has been related to a quadratic energy functional for the infinite-dimensional linear system 
 

𝜓𝜓(𝑡𝑡) = 𝒜𝒜𝜓𝜓(𝑡𝑡),   𝜓𝜓(0) = 𝛿𝛿𝑧𝑧 (2) 
 
where the distributional initial condition is understood formally as the limit of a sequence of 
appropriate mollifiers. If considered on a suitably chosen weighted Lebesgue space, the  
resulting Koopman system can be shown to be exponentially stable. In [2], this has been 
used to discuss the solution 𝒬𝒬 of the following operator Lyapunov equation 
 

⟨𝒜𝒜𝒜𝒜,𝜓𝜓⟩𝒬𝒬 +  ⟨𝒜𝒜,𝒜𝒜𝜓𝜓⟩𝒬𝒬 +  ⟨𝒞𝒞𝒜𝒜,𝒞𝒞𝜓𝜓⟩ℓ2 = 0       ∀𝒜𝒜,𝜓𝜓 ∈ 𝒟𝒟(𝐴𝐴) (3) 
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for a class of output operators 𝒞𝒞. In this talk, equation (3) serves as the starting point for an 
infinite-dimensional balanced truncation strategy similar to [3, 4, 5]. Our interest  
however is to approximate the nonlinear mapping 𝑧𝑧 ↦ 𝑥𝑥(𝑡𝑡) characterized by (1). For this, a 
second operator Lyapunov equation is introduced and by means of an  
output-normalized realization of (2), a truncated reduced-order model is obtained. This 
model is shown to satisfy an ℋ2-type error bound as in [1] which can even be obtained a 
priori. The result is a linear finite-dimensional system which approximates (1) for 𝑧𝑧 drawn 
from a probability distribution. 
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